JOURNAL OF COMPUTATIONAL PHYSICS 7, 346-353 (1971)

Notes

Generation of the Weyl Group on a Computer

I. INTRODUCTION

The Weyl group of a root system in a finite-dimensional vector space is a group
generated by reflections. These groups are important in a number of different
applications. They are a special kind of reflection group [9], and the information
gained from studying their generation can be used in studying presentations of
reflection groups. The Weyl group occurs in the theories of symmetric spaces and
real simple Lie algebras. It is essential in the computational aspects of the represen-
tation theory of complex simple Lie algebras. For example, the Weyl group
appears in Kostant’s formula [10] for computing multiplicities of weights of irredu-
cible representations of complex simple Lie algebras; it also enters into the Kostant—
Steinberg formula for obtaining the multiplicities of the irreducible components
in the tensor product of such representations.

This paper describes a method for generating the Weyl group on a computer.
Section I1 formulates the definition of the Weyl group from the Bourbaki point of
view [5, 11]. For the more traditional formulation of the Weyl group the reader is
referred to [1-3, 10]. Section III presents the method for generating the Weyl group
on a computer. We have implemented this method on an IBM 360/75 system with
a Fortran IV program.

II. Tee WEYL GROuUP

We start by defining a root system. The Weyl group will act on the root system
in a way that is easily identifiable and simply converted to an algorithm for the
computer program.

In this paper, V denotes a finite-dimensional complex vector space. If R is a
finite subset of ¥ which generates ¥, then for each nonzero element « in V there
exists at most one linear transformation s, mapping V onto itself and satisfying the
following properties:

() s o) = —o
(ii) The subset of elements B of ¥ for which s,(8) = B is a hyperplane in V.
(iii) s(R) = R
346
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A linear transformation s, of V onto itself satisfying properties (i) and (ii) is
called a reflection associated with o.
A subset R of V is called a root system in Vif it satisfies the following properties:

(iv) Ris finite, generates V, and does not contain 0.

(v) For each ae R, there exists a reflection s, associated with « which
satisfies (i), (i), and (iii).

(vi) For each « and 8 in R, 5,(8) — B is an integer multiple of a.

The dimension of V is called the rank of R.
Let R be a root system in V. A subset § = {a, , & ,..., o } of Ris called a simple
root system if it satisfies the following properties:

(vii) S is a basis for V.

(viii) Every element 8 of R can be written as 8 = ¥, m,«, , where the m,
are integers which are all nonnegative or all nonpositive. The «; are
then called simple roots.

Let R be a root system in ¥ and let S C R be a simple root system. The Weyl
group W(R) of R is the group generated by the reflections s, , o;€S. It contains
all reflections s; where B € R.

It can be shown that if R is a root system in J there exists a symmetric positive
definite bilinear form ( , ) on V which is invariant under the Weyl group W(R).
This inner product makes ¥ into a complex Euclidean space, and the elements of
W(R) are then orthogonal linear transformations. Thus, each element of W(R)
has determinant 4+1. Moreover, it is not difficult to show that for each « € R we
have

s(B) = B — %% o  foreach BeV. )

Let aut(R) denote the set of automorphisms of ¥ which leave R invariant and
let aut(S) denote the set of automorphisms of ¥ which leave both R and S invariant.
Note that aut(S) is a subgroup of aut(R).

TureorREM 1. WA(R) is a normal subgroup of aut(R).
Proof. We check normality on the generators of W(R). Let « € S and # € aut(R).
Then from (1) it follows that 5,671 = s,¢) € W(R).

THEOREM 2. aut(R) = W(R) - aut(S). That is, any t € aut(R) can be uniquely
written as a product of an element in W(R) and an element in aut(S). (W(R) - aut(S)
is often called the semi-direct product of W(R) and aut(S).)



348 BECK AND KOLMAN

Proof. We need the following two results whose proofs can be found in
Serre [11].

LeMMA 1. If S and S’ are simple root systems of R, there is an element w of
the Weyl group such that w(S) = §'.

LemMA 2. If S is a simple root system and w € W(R) is such that w(S) = S, then
w == identity.

Now let ¢ € aut(R). Then #(S) is a simple root system of R. Let w e W(R) be such
that w(t(S)) = S. Then wr € aut(S) and ¢ = w—'s where s € aut(S). For uniqueness,
let t = ws = w's’ where w, w’ € W(R) and s, s’ € aut(S). Then

sst=ww)teaut(S)yn w
and from Lemma 2, s's~! = identity = w(w")~1. Consequently, s = s andw = w".

Let S ={o , a5 ,..., &,} be a simple root system of the root system R. We denote
S, » by s;fori = 1,..,n

THEOREM 3. A presentation of the Weyl group W of R is

generators: sy ,..., S, and relations: (s;s;)"% = identity,
where
if i=j
if iz£j and (o;,0) =0
if i# j and ((Xi s (Xj) = ""1
if i£j and (5,05) = —2
lf l#] and ((Xi N Oéj) = -3,

=
i
N BN

Proof. See Seminaire Chevalley [8].
From this presentation, it is seen that the class of Weyl groups is a subclass of
the class of reflection groups [5, 9, 11].

THEOREM 4. A presentation of the symmetric group S, is

generators: §y ,..., §, and relations (s;5;)*% = identity,
where
1 if i=j
by = 3 if l i _j' =
2 if |[i—jl##0orl.

Proof. See Coxeter and Moser [9].
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If L is a complex simple Lie algebra of rank » and H is a Cartan subalgebra of L,
then H is a finite-dimensional complex vector space and its dual H* can be used
as the vector space V in the above discussion. The inner product in H* is obtained
as follows: If ( , ) is the Killing form in L, then for each « € H* there exists a
unique A, € H such that «(h) = (h, , k). We then define (o, B) = (h, , k) for each
a and B in H*,

The simple root systems of complex Lie algebras can be classified by their
Dynkin diagrams giving the classical families: 4, , B,(n > 2), C(n > 3), and
D,(n = 4), and exceptional ones: E;, E,, E, F,, Gy(cf. [1-3, 10]). It should be
noted that the Dynkin diagram is the Coxeter diagram used to classify reflection
groups but also includes information about the length of each root. Coxeter
diagrams can be defined for reflection groups without reference to root systems.

A result which will be crucial for our generation of the Weyl group on a computer
is the following theorem.

THEOREM 5. If R is a root system of a complex simple Lie algebra of rank n,
then S, is a subgroup of W(R).

Proof. This follows by inspecting the root system of each complex simple Lie
algebra in turn.

III. GENERATION OF THE WEYL GROUP

To classify root systems of simple Lie algebras by Dynkin diagrams one must
construct models of each root system. In these models the root system is a subset
of Euclidean space and the Weyl group can, in the case of the classical Lie
algebras, be identified as permutations of indices or sign changes of the standard
basis for the Euclidean space.

An identification similar to the following example can be made for each of the
exceptional algebras.

EXAMPLE. For the root system of the simple Lie algebra F, , we have aut(F,) =
WA(F,) since there are no nontrivial automorphisms of the simple root system of F, .
Also, it can be shown that W(F,) = aut(D,) [5]. Then by using Theorem 2, we
have W(F,) = W(D,) -S;.

The presentation of S, leads directly to the following recursion method for
generating it. It is evident that S,_; is a subgroup of S, and is generated by
S seesSpg. Let Ty =S, and T; = T, 48,34, = 2,...,n. Then S, = Y., T;.
This algorithm is very easily programmed and is the basis of the Weyl group
algorithm for each of the types of complex simple Lie algebras.



350 BECK AND KOLMAN

Let ¢, , €5 ,..., €, be an orthonormal basis for an n-dimensional complex Euclidean
space. For each simple Lie algebra, a root system and a simple root system can
be described in terms of the ¢, . For the classical Lie algebras, the Weyl group is
given as a group of permutations on the indices of ¢, ,..., €, and sign changes on
the ¢;. For the exceptional ones, another description is provided. Using these
descriptions we generate the Weyl group. For the classical ones we first generate S,
and then construct a representative of each of the cosets in W/S,, ; each coset can
then be identified with a certain number of sign changes on the ¢, .

We list below the specific technique used to generate the Weyl group of each type
of Lie algebra.

A, : The recursion algorithm for the symmetric group is used to generate
sn+1 .

B, and C, : Each coset of S, is determined by the element of the Weyl group
which changes the sign of each of €i ees €y where i} < - <iyand 1 <k <n
or by the identity element, which changes no signs. The element which changes the
sign on e, is W, = ;8,1 *** 45,1 *** §; . However, because of the following two
lemmas, the algorithm represents the sign change on ¢; by w; = s,5,, - 5; and
the sign changes on both ¢; and €; , i < j, by w;; = 8,801 """ S:5p8n1 *** S5 -

LemMa 3. If S, is presented as in Theorem 4 then S,s; = S, for any i = 1,...,
n— 1.

LemMma 3B. Using the presentation for W(B,) given in Theorem 3, we have
wiw; = ww;; , where weS,, and i < j.

Proof. We use induction on n — j. The following calculations are necessary
for the induction step fromn —j =k —lton —j = k.

Snp1 " SiSn—iSn—ks1 " Sn = SnSp1 " SnokSn—ik—1Sn—k 77 SiSn—p1 77 Sn

= SpSn—1 """ Sn—e1Sn—kSn—k~1 """ SeSn—i+1 *" Sn
= Spok-15nSn—1 " Sn—tSn—k~1 """ SiSn—k+1 " Sn -

D, : Each coset of S, is determined by the element of the Weyl group which
changes the sign of each of ¢; ..., €;, where i, < - < iy and 1 < k < [n/2] or
by the identity element. The element which changes the signs on both ¢; and «;,
i< j, is Uy = ;8541 """ Sn18iSi41 " Su—oSnSn—oSn_3 = SiSn_1Sn—p ** §; . Because of
Lemma 3, the algorithm represents this element as

Vij = SpSn—2Sn—3 *"* SiSn_1Sn—2 *°* 5; .

A proof similar to that of Lemma 3B will show
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LemMa 3D. Using the presentation for W(D,) given in Theorem 3, we have
ViU = Wiy, where vES, , i <j <k <l and

Vit = SnSn—25n—3 *"" SiSn—15n—2 *"* $iSnSn—98n~3 *** SkSn—15n—2 **" 51 -

Consequently, the algorithm can represent vy;0,as vy -

E,: Each of these Weyl groups is too large for the present computer
implementation. A possible approach is to generate the cosets of W(D;) in W(Ey),
the cosets of W(E,) in W(E,), and the cosets of W(E,) in W(E,).

F,: Each element of W(F,) is the unique product of an element of S; and
one of W(D,). The algorithm first computes S; using the symmetric group algorithm.
However, instead of denoting the generators by 1 and 2, they are denoted by 3
and 4 so that the resulting words will be written in terms of the four generators
for W(F,) defined by its Coxeter diagram. Next, W{(D,) is generated by its algorithm.
Then the generators for W(D,), s , §s , S5 , 54 , are written in terms of the generators
of W(F,) as: §; = Falyl'glolylaly, Sy = Iy, Sg = Fy, Sq = Igfyls, Where ry ..., r,
are the generators for W(F,) defined by its Coxeter diagram. Finally, each word in
S, is adjoined to every word in a copy of W(D,).

G, : The simplest way to generate this group, the dihedral group of order 12,
is by table look-up.

We next describe the representation of an element in the Weyl group used in
our program. Each element of the Weyl group is a finite product of the generators
Say 5eees Sa, and it is represented in the computer by a string of integers i, , is ,..., i
where i; corresponds to Say, - Thus, St Sory St S, ey is represented by the string 12313.
This representation makes it particularly simple to compute the action of an element
of the Weyl group on a vector in H* which is written either in terms of the basis
of simple roots {,; , & ,..., a,} or in terms of the basis of fundamental weights
{A, Az yeeey Ayp. Thus, let

w = Zm,-a,- = Z ijj.
j=1

j=1

Then s, (w) is computed as

n

i(my , my ooy M) = (m1 My ey My — Y Ay sy m,,),
=1

581/7/2-11
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or
iy, ky ooy k) = (kg — ks, ko — kiai ooy ki — kins),
where
D) ;o : ;
a; = ) the (7, j) entry in the Cartan matrix.

To handle large Weyl groups the string could be packed five digits per two bytes
instead of the present one digit per two bytes. An alternative approach would be
to use the more sophisticated methods of representation discussed by Cannon [6, 7].

The method of storing the Weyl group in the computer is strongly dependent
upon its intended use. For example, the entire Weyl group must be available in
random access memory to evaluate multiplicities of the weights of an irreducible
representation of a complex simple Lie algebra using Konstant’s formula. However,
to find all the simple root systems of a complex simple Lie algebra each element
need only be applied to the given simple root system as it is generated.

As a pilot project, we have developed a program, written in FORTRAN v
for the IBM 360/75 system, to generate the Weyl group of the complex simple
Lie algebras of rank at most 5. This program puts the entire Weyl group into the
random access core memory.
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